We construct the cosmological model to explain the cosmological constant problem. We built the extension of the standard cosmological model ΛCDM by consideration of decaying vacuum energy represented by the running cosmological term. From the principles of quantum mechanics one can find that in the long term behavior survival probability of unstable states is a decreasing function of the cosmological time and has the inverse power-like form. This implies that cosmological constant ρ vac = Λ(t) = Λ bare + α t 2 where Λ bare and α are constants. We investigate the dynamics of this model using dynamical system methods due to a link to the Λ(H) cosmologies. We have found the exact solution for the scale factor as well as the indicators of its variability like the deceleration parameter and the jerk. From the calculation of the jerk we obtain a simple test of the decaying vacuum in the FRW universe. Using astronomical data (SNIa, H(z), CMB, BAO) we have estimated the model parameters and compared this model with the ΛCDM model. Our statistical results indicate that the decaying vacuum model is a little worse than the ΛCDM model. But the decaying vacuum cosmological model explains the small value of the cosmological constant today.
I. INTRODUCTION
The standard cosmological model (ΛCDM model) is a very good description of the evolution of the Universe in the current epoch. However it is only an effective description in the terms of dark matter and dark energy of unknown nature. The natural way of explanation why our Universe's expansion is accelerating is to extend the CDM model with the constant cosmological term. On the other hand it seems to be natural to interpret the cosmological constant as the vacuum energy [1] . Although such an explanation brings the answer qualitatively the calculations of the value of the cosmological constant term from the quantum field theory and its value required for solving the Universe accelerated expansion conundrum give rise to discrepancy, unknown in the history of physics, of more than 100 orders of magnitude. Therefore the problem of cosmological constant is crucial for consistency of the standard cosmological model.
In the literature different approaches have been taken to explain why the value of the cosmological constant is so small today. The most popular approach is description of the dark sector of the Universe in terms of the self-interacting scalar field with a potential [2] .
Alternatively in this paper we develop the Alcaniz and Lima approach in which cosmology with the decay vacuum energy is interpreted in the framework of the Λ(t)CDM cosmology [3] [4] [5] . Alcaniz and Lima [3] pointed out that the critique of these models concentrates on lack of the theoretical model which can specify the phenomenological form of the relation describing how Λ depends on time. In this paper we are going to address the theoretical foundation of this approach.
The discussion of false vacuum in the context of cosmology has been started by Coleman [6, 7] . The decaying of false vacuum in the context of inflation has been investigated by Krauss and Dent [8] . The properties of unstable false vacuum can be investigated from the point of view of the quantum theory of unstable states [9, 10] and some universal behavior of survival probability of vacuum states can be discovered.
From the quantum theory the amplitude A(t) and the decay law P M (t) of unstable state |M are determined by energy density distribution function ω(E) for the system in this state.
where ω(E) ≥ 0 and ω(E) = 0 for E < E min .
The last condition and the Paley-Wiener theorem give us |A(t)| ≥ A 1 exp(−A 2 t q ) for t → ∞. In consequence the vacuum unstable states decay following the power-law relation after exponential for t T where T is the characteristic time of a regime switching. The asymptotically we obtain universal relation E false 0 (t) = E false 0
(t) ± α 2 t 2 ± · · · , for t T.
At the late time survival probability assumes the form of the power-law relation. We demonstrate that then the instantaneous energy of the vacuum states has universal asymp-
. Using this parameterization of the false vacuum will study the evolution of the Friedman-Robertson-Walker (FRW) universe filled with dust matter and dark energy running in the cosmological time following the rule
where we use the natural system of units 8πG = c = 1.
The parametrization (3) is only a leading term at the late time of evolution. In general from principles of quantum mechanics it assumes more general form in the form of power law series [9] Λ(t) = Λ + α t 2 +
The relation (3) was proposed ad-hoc in the context of cosmological constant problem by Lopez and Nanopoulos [11] . They showed that starting at the Planck epoch
Pl the Universe reaches today epoch with Λ 0 ∼ 10 120 M Pl 2 . Another similar result was obtained by Lima et al. [12] .
The main aim of this paper is to explain the cosmological constant problem. We propose the theoretical justification of choosing the varying Λ during the cosmic evolution parametrized as (3) . The form of this parametrization is motivated by quantum mechanics principles. The key point of this approach is the connection of decaying vacuum with measurement of a running jerk. The dimensionless parameter α is estimated from astronomical data.
Throughout this paper we consider a flat homogeneous and isotropic universe in which a source of gravity is the perfect fluid with energy density ρ(t) and pressure p(t). We introduce the energy momentum tensor
where the first component describes dust and the second one the time-dependent Λ term.
The energy-momentum conservation condition T αβ ;β = 0 gives rise to the conditioṅ
where a(t) is the scale factor, ρ m and ρ vac are the energy densities of cold dark matter and vacuum, respectively, a dot means the differentiation with respect to the cosmological time t,
and the equation of state for vacuum is ρ vac = −p vac where p vac is pressure.
The Einstein equations reduce to the acceleration equation
where Λ(t) is given by formula (3). Equation (6) can be interpreted formally within the framework of interacting cosmologyρ
where Γ = −ρ vac = −Λ is the energy exchange term. This term is called a source term for the particle creation process [13] . If Γ(t) is positive then the vacuum energy density must be decaying. Because of parametrization (3) we have Γ(t) = 2αt −3 , which is positive for the positive α.
For our aim it would be useful to rewrite the vacuum dark energy into the new parametrization. The idea of Alcaniz and Lima [3] is that the decay vacuum should modify the law of evolution of the cold dark matter (ρ m ∝ a −3 ) in such a way that matter dilutes more slowly like
where ε is a small positive constant in (0, 1).
The constant ρ vac,0 is called "the ground state value of the vacuum" [4] . We interpret ρ vac,0 as Λ bare -the constant contribution to the vacuum energy parametrization. And we interpret the last term in equation (10) as α/t 2 following the parametrization (3). Hence after elementary calculations we obtain that
where
α. We assume that 0 < ε < 1, and
As a consequence we obtain the phenomenological quadratic parametrization of Λ through the Hubble parameter H [14] . The same form of parameterization can be also obtained after replacing the cosmological time t by the Hubble scale t H = 1/H. Now it would be useful to rewrite the acceleration equation to the new form (where constant contribution Λ bare is denoted as Λ in further analysis)
where δ is constant defined as
It is convenient for our purposes to introduce a new time variable into equation (13) . Let assume that there is the inverse function of t = t(a) for the cosmic evolution. Then
where a prime denotes a derivative with respect to the scale factor a. Note that if β = 0 or δ = 3/2 we obtain a corresponding relation for the ΛCDM model. Now one can check that the solution of equation (16) is given in the form
where H = H 0 for a = a 0 = 1 and all quantities with a subscript "0" are evaluated at the present epoch.
In the context of cosmography it would be useful to rewrite relation (17) to the new form in which appears dimensionless density parameters for the cold dark matter and the constant contribution to the dynamical dark energy, Λ, parameterized following formula (3)
Then we obtain the relation H(z) for the extended ΛCDM model with decaying vacuum dark energy in the form
where the redshift z ≡ (1 + a) The parameter β in the parameterization of Λ(H) (12) was constrained by using the observations of cosmic star formation and the age of the Universe as 3β 0.3 [13] . In the next section we will search for more stringent upper limit for this parameter.
Let us consider an exact solution for the function (17) . The scale factor a satisfies a first order differential equatioṅ
Equation (20) can be integrated after a simple substitution
and the time parametrization
After solving the equation for x(τ ) and returning to original variables we obtain the following expression for the scale factor as a function of the cosmological time
Formula (23) gives us the possibility to calculate the cosmological scalars which control the variability of the cosmic evolution
These scalars are called the Hubble parameter, deceleration parameter, jerk, snap and crackle, respectively. They are constrained by some algebraic relation [15] .
Let us calculate the cosmic jerk related with a third order time derivative of the scale
where ∆ = 2 3
(Ω m,0 + Ω Λ,0 ).
we have the case of the ΛCDM model for which Q = 1 and if ∆ = 2 3 or Ω m,0 + Ω Λ,0 then Q = Q(t). Therefore if we find that the jerk is different from one it will be experimentum crucis for excluding the ΛCDM model. Then as the alternative the cosmological model with decaying vacuum should be treated seriously. In this model the jerk is time dependent and now different from one as the function of sum of Ω m,0 and Ω Λ,0 which is different from one.
III. DYNAMIC OF THE MODEL ON THE PHASE PLANE
For deeper analysis of the dynamics of the model let us formulate this model as a dy-
Dynamical system (26)- (27) assumes the form of two-dimensional autonomous dynamical system. In the special case of Λ(H) = αH 2 anḋ
It could be useful to rewrite the above system in two state variables and new time variable
This system possesses the critical point
Now we translate the critical point at the origin of the coordinate system as follow
Finally the dynamical system possesses the form of linear system
The phase portrait for system (33)- (34) The solution of the system in the parametric form is
Note that there are four special solution lying along two the straight lines where the parameter β is
The line x = 0 separates the cosmological models with a singularity from singularity-free models. The latter are starting from the boundary of non-physical region and going toward the de Sitter global attractor. The former are starting from singularities (H = ∞, ρ m = ∞)
of the Einstein-de Sitter or Milne type.
For full analysis of the system dynamics it is necessary to know how the system trajectories behave at the infinity. For this aim we will construct the global phase portraits. In the case when right-hand sides of a dynamical system are given in a polynomial form of order n the projective coordinates can be introduced. For a two-dimensional dynamical system with state variables (x, y) two projective maps
II :
cover the dynamics. Of course when u = 0 and v = 0 these two projective coordinates (z, u) and (v, w) are equivalent. The infinitely distant points of the plane (x, y) in the projective coordinates correspond to a circle S 1 : x 2 + y 2 = ∞ covered by two straight lines: z = 0, −∞ < u < +∞ and w = 0, −∞ < v < +∞. The original dynamical system in state variable (x, y):ẋ = P (x, y),ẏ = Q(x, y) after transforming to the projective coordinates and reparametrization of the time variable τ → τ 1 : dτ 1 = x n−1 dτ assumes the forṁ
are polynomials in the projective variable (z, u).
The analogous procedure can be performed in the map (v, w).
has the following form
The exact solution of the system (45)- (46) assumes the following form
The critical points are z = 0, u = 3 − a and z = 0, u = 2a. The former is an unstable node and the latter is a saddle.
The exact solution of the system (49)- (50) assumes the following form
The critical points are w = 0, v = . The former is an unstable node and the latter is a saddle.
The phase portrait of the system under consideration are presented in Fig. 2 and 3 . From these phase portraits one can observe how trajectories behave near the initial singularity. In both cases two critical points are situated on the lines z = 0 and v = 0. The phase portrait is structurally stable which means that the system is resistant with respect to small changes of its right-hand sides.
The above analysis can be continued for cosmological models with a general form Λ = Λ(H). Recently Perico et al. have studied the dynamics and exact solution if Λ(H) is given in power series with respect to H [16] . The physical motivation for this studies can derived from quantum mechanics principles [17] .
IV. DATA
To estimate the parameters of the both models we used the modified for our purposes CosmoMC code [18, 19] with the implemented nested sampling algorithm multinest [20, 21] .
We used the observational data of 580 supernovae type Ia (the Union2.1 compilation [22] ), 31 observational data points of Hubble function [23] , the measurements of BAO (barion acoustic oscillations) from the Sloan Digital Sky Survey (SDSS-III) combined with the 2dF Galaxy Redshift Survey (2dFGRS) [24] [25] [26] [27] , the 6dF Galaxy Survey (6dFGS) [28, 29] , the WiggleZ Dark Energy Survey [30] [31] [32] . We also used information coming from determinations of the Hubble function using the Alcock-Paczyński test [33, 34] . This test is very restrictive in the context of modified gravity models.
We use the following likelihood functions for aforementioned data.
First, the likelihood function for the supernovae type Ia data
where C ij is the covariance matrix with the systematic errors, µ 
Second, the likelihood function for H(z) data
where H th (z i ) denotes the theoretically estimated Hubble function, H obs i is observational data.
Third, the likelihood function for the BAO data
where C ij is the covariance matrix with the systematic errors, d 
Fifth, the likelihood function for the CMB shift parameter R [35]
is the angular diameter distance to the last scattering surface, R obs = 1.7477 and σ −2 A = 48976.33 [36] . And finally, the total likelihood function L tot
V. STATISTICAL ANALYSIS
A. Estimation of model parameters
Let us assume that we have N pairs of measurements (y i , x i ) and that we want to find the relation between the y and x variables. Suppose that we can postulate k possible relations y ≡ f i (x,θ), whereθ is the vector of unknown model parameters and i = 1, . . . , k. With the assumption that our observations come with uncorrelated Gaussian errors with a mean µ i = 0 and a standard deviation σ i the goodness of fit for the theoretical model is measured by the χ 2 quantity given by where L is the likelihood function. For the particular family of models f l the best one minimize the χ 2 quantity, which we denote f l (x,θ). The best model from our set of k models f 1 (x,θ), . . . , f k (x,θ) could be the one with the smallest value of χ 2 quantity. But this method could give us misleading results. Generally speaking for more complex model the value of χ 2 is smaller, thus the most complex one will be choose as the best from our set under consideration.
B. The likelihood ratio test
We perform the likelihood ratio test at the beginning of our statistical analysis. In this test one of the models (null model) is nested in a second model (alternative model) by fixing one of the second model parameters. In our case the null model is the ΛCDM model, the alternative model is the decaying vacuum ΛCDM model, and the parameter in question is Ω vac .
The statistic is given by 
C. Bayesian analysis of the models
For the further comparison of the decaying vacuum model with the ΛCDM model we use the Bayesian statistical methods. These methods of models selection are widely used for cosmological model comparison [37] [38] [39] [40] [41] [42] [43] [44] [45] . We should be aware that conclusions based on such analyses depend on the data at hand. New data obtained in future may change our conclusions.
First we calculate the Akaike information criterion (AIC) [46] which is an approximation to the Kulback-Leibler information which measures information lost when an unknown (hypothetical) true model is approximated by a tested model. The AIC quantity is lowest for a best model and is given by
where L is the maximum of the likelihood function and d is the number of model parameters.
It is convenient to evaluate the differences between the AIC quantities computed for the rest of models from the set and the AIC for the best one. Those differences (∆ AIC ) are interpreted as a 'strength of evidence' for a model considered with respect to the best one (i.e. with a lowest value of AIC). The models with 0 ≤ ∆ AIC ≤ 2 have substantial support (evidence), those where 4 < ∆ AIC ≤ 7 have considerably less support, while models having ∆ AIC > 10 have essentially no support with respect to the best model.
The complexity of the model is interpreted here as the number of its free parameters that can be adjusted to fit the model to the observations. If models fit the data equally well according to the Akaike rule the best one is with the smallest number of model parameters (the simplest one in such an approach).
In the Bayesian framework the best model (from a model set under consideration) is that which has the largest value of probability in the light of data (so called posterior probability)
[47]
where P (M i ) is a prior probability for the model M i (it is assumed that there is no evidence to favor one model over another, so values of priors for all models under consideration are equal), D denotes data, P (D) is the normalization constant
And P (D|M i ) is the marginal likelihood, also called evidence
where P (D|θ, M i ) is likelihood under model i, P (θ|M i ) is prior probability forθ under model i.
It is convenient to evaluate the posterior ratio for models under consideration which in the case with flat prior for models is reduced to the evidence ratio called the Bayes factor
The interpretation of twice the natural logarithm of the Bayes factor is as follow: 0 < 2 ln B ij ≤ 2 as a weak evidence, 2 < 2 ln B ij ≤ 6 as a positive evidence, 6 < 2 ln B ij ≤ 10 as a strong evidence and 2 ln B ij > 10 as a very strong evidence against model j comparing to model i. Let us simplify the problem to illustrate how this principle works here [39, 48] .
Assume thatP (θ|D, M ) is the non normalized posterior probability for the vectorθ of model parameters. In this notation E = P (θ|D, M )dθ. Suppose that posterior has a strong peak in the maximum:θ MOD . It is reasonable to approximate the logarithm of the posterior by its Taylor expansion in the neighborhood ofθ MOD so we finished with the expression
. The posterior is approximated by the Gaussian distribution with the meanθ MOD and the covariance matrix C. The evidence then has a form
Because the posterior has a strong peak near the maximum, the most contribution to the integral comes from the neighborhood close toθ MOD . Contribution from the other region ofθ can be ignored, so we can expand the limit of the integral to whole R d . With this assumption one can obtain E = (2π)
Suppose that the likelihood function has a sharp peak inθ and the prior forθ is nearly flat in the neighborhood ofθ. In this caseθ =θ MOD and the expression for the evidence takes the form E = L(2π) that the evidence does not penalize parameters which are unconstrained by the data [41] .
As the evidence is hard to evaluate an approximation to this quantity was proposed by Schwarz [49] so called Bayesian information criterion (BIC) and is given by
where N is the number of the data points. The best model from a set under consideration is this which minimizes the BIC quantity. One can notice the similarity between the AIC and BIC quantities though they come from different approaches to model selection problem.
The dissimilarity is seen in the so called penalty term: ad, which penalize more complex models (complexity is identified here as the number of free model parameters). One can evaluated the factor by which the additional parameter must improve the goodness of fit to be included in the model. This factor must be greater than a so equal to 2 in the AIC case and equal to ln N in the BIC case. Notice that the latter depends on the number of the data points.
It can be shown that there is the simple relation between the BIC and the Bayes factor
The quantity B ij is the Bayes factor for the hypothesis (model) i against the hypothesis (model) j. We categorize this evidence against the model j taking the following ranking.
The evidence against the model j is not worth than bare mention when twice the natural logarithm of the Bayes factor (or minus the difference between BICs) is 0 < 2 ln B ij ≤ 2, is positive when 2 < 2 ln B ij ≤ 6, is strong when 6 < 2 ln B ij ≤ 10 and is very strong when 2 ln B ij > 10.
To obtain the values of AIC and BIC quantities we perform the χ 2 = −2 ln L minimization procedure after marginalization over the H 0 parameter in the range [60, 80] . They are presented in Table III .
VI. CONCLUSION
The main goal of the paper was to find the theoretical explanation of the cosmological constant problem. To solve the disrepancy of the value of the cosmological constant interpreted as vacuum energy and value of cosmological constant required for the explanation of 
and finally ρ Λ (t t Pl ) ρ Λ (t t 0 ) 10 120 .
On the ground of our statistical analysis we can conclude that the cosmological model with decaying vacuum should be rejected and the ΛCDM model can keep a crown of the standard cosmological model. We showed that the cosmological model with decaying vacuum is worst-fitted than the ΛCDM model, but we think that it should not be considered yet as a blind alley. The strength of this model is its explanation of the cosmological constant conundrum. That why it should be considered seriously as a best alternative for the ΛCDM model from the physical point of view.
We share George Efstathiou's opinion [50] [51] [52] 
